Abstmct-A method for navigating autonomous vehicles is presented. Based on the three-point problem from land surveying, this navigational technique makes use of angular measurements between fixed beacon pairs. Extremely accurate position information may be obtained over a large area with simple trigonometric or analytic geometry calculations. Typical worst-case errors are on the order of 10 cm throughout a 2500-m2 workspace. An experimental position-measuring system has been built and tested, and it demonstrates the feasibility of this technique to function as a key element in a navigation system for autonomous vehicles.
I. INTRODUCTION
EHICLES that are capable of following a fixed guide-V path have found many applications in industry ranging from mail delivery to transportation of in-process material in an automated production facility [ 11. The guidepath is usually a wire buried in the floor or a fluorescent strip painted or cemented to the floor. As the factory of the future evolves, the need for improved transportation will expand to include increased speed, increased flexibility, and to the extent possible, autonomous operation once task assignments to vehicles are made. Specialized manufacturing operations such as solid state fabrication and radioactive material handling already utilize mobile robots for safety and cleanliness. Current technology limits the use of such vehicles to applications where the very high capital investment required in present vehicles employing vision systems or inertial guidance systems can be justified. However, if the cost of providing accurate and reliable navigation of autonomous guided vehicles could be significantly reduced, there are other applications where such technology could make major reductions in manufacturing costs [2] . Among some of the potential applications are storing and recovering materials in warehouses, rapidly moving materials and parts in-process in a flexible manufacturing environment, flexible factory and office delivery systems, measurements and deliveries in hazardous locations and operation of certain types of outdoor equipment such as plowing, cultivating and trenching machines in semiautonomous modes.
Research has been carried out for many years on methods of providing off-wire navigation for vehicles of many kinds [3] . Most proposed systems rely on dead reckoning to provide the instantaneous control signals for steering. The sensors for the dead reckoning system are generally shaft encoders on the wheels of the vehicle. By its nature, a dead reckoning system has no way to correct for errors in its measurements or calculations and therefore it can provide accurate guidance only for a short distance-typically a few tens on meters. The dead reckoning system must obtain regular position fixes to remove its error accumulation. One system currently being developed employs an active laser sensor to read bar-coded retroreflective strips located at known positions throughout its travel area [4], [5] . These data are then used to compute the required position fixes. Little detail on the actual system implementation is available. Another laser system employs angle measurements among identical retroreflective beacons along with sophisticated detection, estimation, and control algorithms to recursively update the vehicle position when a valid angle measurement is obtained [6] , [7] . A different approach currently under development is based on the use of RF-tagging chips [8] . These are IC's that when irradiated by an appropriate RF signal respond with an identification code. In a navigation system this code is used to specify the exact location of the transponder. The system is designed to provide an accurate measurement of the location of the transponder relative to the axes of the sensor from which the vehicle position can be determined in the global coordinate system and used to correct the navigation system. Other systems described in the literature employ inertial navigation [9] and ultrasonic sensors [101, [111. Although many location and navigation systems have been described in the literature, the descriptions for the most part are qualitative and little detail is presented on the implementation of the systems. Virtually no experimental data have been presented on the actual performance that has been obtained using the techniques that have been proposed. It is the purpose of this paper to describe a particular system in detail and to present the results of both an analytical and experimental evaluation of the system performance. It is hoped that this will serve as a benchmark for use in feasibility studies and to allow quantitative comparison with the performance of other systems.
METHOD OF RESECTION
A promising technique for precisely locating an autonomous vehicle is to equip the vehicle with an optical or infrared scanner that is capable of measuring angles between pairs of bea-0018-9545/89/0800-0132$01 .OO 0 1990 IEEE cons. The basic problem is as shown in Fig. 1 , and is identical to the three-point problem in land surveying [12]- [14] . A vehicle at unknown point P measures the angles $1 and 42 between beacons located at points A , B , and C . While it appears to be a simple geometry or trigonometry problem, the calculations necessary to compute the vehicle's location ( x p , y , ) are somewhat involved. The reason is that additional parameters must be determined before ( x , , y p ) can be found.
Since the measured quantities are angles, it is important to use parameters such that small angular changes do not produce large position changes. It is also useful to determine efficient methods of solution. In what follows, we investigate the computational speeds of both the trigonometric solution and analytic geometry solution for the vehicle position and then study the sensitivity of location errors due to errors in the measured angles.
Trigonometric Solution
Given the locations of three beacons (points A , B , and C) and the two measured angles 41 and 42, the vehicle location can be found to be (referring to Fig. 2 ) :
x, = X I +AP sin ($1 + y )
(1) 
The derivation of (1)- (6) is given in the Appendix. The average computation time required for the trigonometric solution is 6.3 ms on a VAX 11/780 computer. When run on an inexpensive TS/1000 computer which uses cumbersome microBASIC programming, the average solution requires 740 ms.
In addition to requiring several trigonometric calculations, this procedure also requires keeping track of the quadrants of the angles in order to avoid serious errors in the position calculation. It is desirable to investigate an alternate method of solution which provides a computational advantage.
Analytic Geometry Solution
Because the vehicle location ( x p , y p ) corresponds to the intersection of two circles, it can be found as the common solution to the equations of the circles. Referring to Fig. 3 , the solution is derived in the Appendix to be the linear equations The analytic geometry solution requires solution of ten equations, only two of which ( (7) and (10)) have any appreciable complexity. Average execution time on a VAX 11/780 computer is 3.5 ms; the computational speed on a TS/1000 computer is 650 ms.
When the point P is on or very close to a circle containing points A , B, and C , then X N = x~ and Y N = Y M concurrently. This leads to either an indeterminate result or a highly unstable solution. Subsequent discussion shows how this condition can be avoided in an actual system.
An increase in computational complexity results when there are more than two observed angles (i.e., when more than two pairs of beacons are used for navigation). In general, for N beacons ( N > 3), there are N -1 measured angles and ( y ) beacon triplets that may be used to obtain linear solutions for (x,,, y,,). By forming a weighted average based on the error sensitivities associated with some or all of the possible beacon triplets, the location coordinates obtained through the use of each triplet may be combined to improve the reliability of the position measurement.
Solution complexity arises when two nonintersecting circles are used to perform the navigation. This occurs when four (instead of three) distinct beacons are used to obtain two angular measurements, necessitating the simultaneous solution of two quadratic equations. A similar, but less complex, situation arises when the point of observation is located directly on a line connecting two adjacent beacons. In this case the solution for (x,,, y,,) involves simultaneous solutions of a quadratic and linear equation.
SENSITIVITY TO ERROR
As long as the equations for x p and y,, are differentiable with respect to the measured angles (41, 4 4 , it is possible to express the vehicle position uncertainty (for small angle measurement errors) as terms of the total differentials given bY where (1 and 5.2 range over all possible values of angular measurement error and sup denotes the supremum.
Computer programs based on the analytic geometry solution to the three-point problem were written to evaluate E * ( 4 1 , Figs. 4 and 5 demonstrate that the position measurement is sensitive to small angular errors when either the observed angles are small, or when the observation point is on or near a circle which contains the three beacons. However, for a large region of the workspace, the position error is quite small (<0.2 units). It may be noted that if perpendicular bisectors are drawn between lines that connect adjacent beacons, the intersection of the perpendicular bisectors form the center of a circle which contains the locus of points where the three point problem is intractable. Fig. 6 demonstrates the region of computational instability for an arbitrary beacon configuration. By properly locating the beacons in the workspace, these high error zones may be made to occur outside of the navigation areas. The colinear beacon arrangement shown in Figs For a workspace containing obstructions, several sets of beacons may be used to provide proper coverage. By encoding the beacons with identifiers, the vehicle can be programmed to select beacon triplets which are known a priori to yield satisfactory error sensitivity. Frequency diversity is a simple way in which the beacons may be uniquely identified. This may be implemented by locally assigning beacons visible to the vehicle with distinct carrier or modulation frequencies. Frequency reuse, a popular technique used in cellular radio communications, may be employed to reduce cost and complexity of the vehicle hardware [ 161.
Position accuracy can be insured at all times by handing off the navigation to prescribed beacon triplets as the vehicle moves through the workspace. Hand-off schemes would be especially useful to prevent a particular triplet from navigating the vehicle in a high error sensitivity region (see Fig. 6 ), or in a region of the space where a beacon-vehicle path was obstructed [17] , [18] . 
IV. PROTOTYPE DEVELOPMENT AND PERFORMANCE
Using infrared beacons, a low-cost prototype navigation system based on the method of resection was designed and developed for demonstration in the Purdue CIM-LAB (Com- puter Integrated Manufacturing Laboratory). A rotational optical receiving system provided angular measurements between beacons while an on-board computer used the trigonometric solution to compute and display the location and heading [ 191. The heading angle measurement was made by observing the angular difference between one of the beacons (referred to as the master beacon) and an on-board beacon that was fixed at the front of the cart. The heading calculation is shown in Fig.   7 and is referenced as 0" when the front of the cart points parallel to the +x axis. A crystal controlled digital clock was used to measure the time delay between successive beacon sightings as seen by a rotating optical detector. A belt-driven turntable was equipped with sliprings to rotate the detector and to transfer the low-level optical signal envelopes to amplifier/processing circuitry. Angular displacement measurements between adjacent beacons were computed directly from the number of clock counts and the constant rotational velocity of the detector (0.005 ddegree). The receiver and computer were housed in a push cart, and measurements were taken throughout a gridded section of the laboratory. Fig. 8 shows the block diagram of the prototype. The experimental vehicle is shown in Fig. 9 .
The three beacons were powered by 9-V batteries, and consisted of simple 890-nm infrared diodes and an on-off modulation circuit. The master beacon was CW modulated at 1.33 kHz; the other beacons were modulated at a 10-kHz rate.
The detector consisted of two slightly offset infrared detection diodes, and worked on the principle of monopulse radar tracking antennas [20] . As shown in Fig. 10 , the sum and difference signals from the two detection diodes were used to gate the angle measurement. A cylindrical lens was used to focus the optical signals seen by the detector in the azimuthal plane, and improved the SNR by 20 dB.
The test area consisted of a 25-m2 space, with three beacons placed at ( Although the prototype system was of simple and inexpensive design, it was possible to achieve angular measurement accuracy of f0.2". The counter circuitry added further error by quantizing the observed angles to 0.14" increments. The experimental data obtained at various locations are shown in Table I . It can be seen that very good results were obtained for the most part, even with the significant errors introduced by the measurement quantization. The largest measurement error observed was at (4.0, l.O), where ,/-* --0.07 m. Even at this worst case, there is improvement over the accuracy of a well-designed stand alone dead reckoning vehicle that has traveled just a few meters. Further experimentation revealed that certain positions involved computations which led to indeterminant values. This confirmed the fact that for some locations (for example, where the point of observation lies on a circle common to the three beacons) the method is unstable. In an operating system, such conditions are entirely predictable and can be readily avoided by judicious placement of beacons. 
V. CONSIDERATIONS FOR IMPLEMENTATION
There are several important considerations which enter into the implementation of a beacon navigation scheme. Thought must be given to the type of radiation to be emitted by the beacons. Infrared, ultraviolet and visible light are easily generated in coherent (LASER) and noncoherent fashion. However, reflections (multipath), or other light sources such as sunlight can create ghost beacons. We observed appreciable interference at certain times of the day due to sunlight which shone into the workspace from several large windows. Optical bandpass filters exist which eliminate large amounts of interference, but cannot completely block interference from sunlight or other high intensity broad-band signals. Paints that do not reflect light exist and would be useful in such a system. Laser radiation has some safety hazards associated with it. With the availability of inexpensive optical components and the ability to build highly directional detectors having effective areas of thousands of wavelengths, the IR or optical channel with a noncoherent source is the most likely candidate for implementation.
The experimental system that was tested used a slipring assembly and a rotating detector on the vehicle. In an actual system it would be desirable to eliminate moving parts wherever possible so that reliability could be improved. Electrical, rather than mechanical, beacon scanning would serve this end. Electrical scanning could be performed by sequentially polling photodetectors arranged on a cylinder and processing the received signals of each photodetector to determine the location of the beacons. Numerous other possibilities exist, including the use of passive reflectors and an electrically scanned optical transceiver at the vehicle. Further work must be done to determine implementations that are accurate and inexpensive.
Although geometric solutions to the resection problem were considered here, it is possible to employ a table look-up procedure for the determination of position. Such a solution would afford increased speed over the calculations (( 19) - (28) or (29)- (42)), but would require a larger memory for accurate navigation over a large workspace. Such a trade-off could prove necessary if vehicles need to reliably update their positions while in motion.
VI. CONCLUSION
Angular measurements between pairs of infrared beacons provide a viable method for locating autonomous vehicles. Assuming reasonable angular measurement tolerances, it is found that accurate navigation is possible throughout a large area, although error sensitivity is a function of the point of observation and the beacon arrangements. By employing proper beacon placement, regions of high error sensitivity can be minimized or avoided. An inexpensive experimental beacon navigation system based on the method of resection was constructed to demonstrate the feasibility of such a scheme. The results indicate that the technique described herein could be used to greatly enhance dead reckoning systems, or could be used as a stand alone navigation system. Further work must be done to determine cost effective techniques for implementation of such a navigation system in the flexible manufacturing environment of the future.
APPENDIX

Trigonometric Solution to Three-Point Problem
Given the locations of three beacons (points A , B, and C) and the two measured angles 41 and 42, the coordinates of the point P can be found in the following manner. Referring to icy -6) = tan-'
From (22) and (24) cot ( 
The equations of the circles are then 
